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a b s t r a c t
Let G be a finite abelian group, and let S be a sequence of elements
in G. Let f (S) denote the number of elements in G which can be
expressed as the sum over a nonempty subsequence of S. In this
paper, we show that, if S contains no zero-sum subsequence and
the group generated by all elements of S is not a cyclic group, then
f (S) ≥ 2|S| − 1. Moreover, we determine all the sequences S for
which equality holds.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
LetGbe a finite abelian group (written additively).F (G)denotes the free abelianmonoidwith basis
G, the elements of which are called sequences (in G). A sequence of not necessarily distinct elements
from Gwill be written in the form S = g1 · · · · ·gk =∏ki=1 gi =∏g∈G gvg (S) ∈ F (G), where vg(S) ≥ 0
is called the multiplicity of g in S. Denote by |S| = k the number of elements in S (or the length of S)
and let supp(S) = {g ∈ G : vg(S) > 0} be the support of S.
We say that S contains some g ∈ G if vg(S) ≥ 1 and a sequence T ∈ F (G) is a subsequence of S if
vg(T ) ≤ vg(S) for every g ∈ G, denoted by T |S. If T |S, then let ST−1 denote the sequence obtained by
deleting the terms of T from S. Furthermore, by σ(S)we denote the sum of S, (i.e. σ(S) =∑ki=1 gi =∑
g∈G vg(S)g ∈ G). By
∑
(S)we denote the set consisting of all elements which can be expressed as a
sum over a nonempty subsequence of S, i.e.∑
(S) = {σ(T ) : T is a nonempty subsequence of S}.
We write f (S) = |∑(S)|, 〈S〉 for the subgroup of G generated by all the elements of S.
Let S be a sequence in G. We call S a zero-sum sequence if σ(S) = 0, a zero-sumfree sequence if
σ(W ) 6= 0 for any subsequenceW of S, and squarefree if vg(S) ≤ 1 for every g ∈ G.
Let D(G) be the Davenport constant of G, i.e., the smallest integer d such that every sequence
S of elements in G with |S| ≥ d satisfies 0 ∈ ∑(S). For every positive integer r in the interval
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{1, . . . ,D(G)− 1}, let
fG(r) = min
S, |S|=r f (S), (1)
where S runs over all zero-sumfree sequences of r elements in G. How does the function fG behave?
In 2006, Gao and Leader proved the following result.
Theorem A ([1]). Let G be a finite abelian group of exponent m. Then
(i) If 1 ≤ r ≤ m− 1 then fG(r) = r.
(ii) If gcd(6, m) = 1 and G is not cyclic then fG(m) = 2m− 1.
Recently, Sun[3] showed that fG(m) = 2m−1 still holdswithout the restriction that gcd(6, m) = 1.
The main purpose of the present paper is to generalize the above result. Using some techniques
from the author [4], we will prove the following two theorems.
Theorem 1.1. Let S be a zero-sumfree sequence in G such that 〈S〉 is not a cyclic group, then f (S) ≥
2|S| − 1.
Obviously, Theorem 1.1 generalizes the related results of Sun, Gao and Leader.
Theorem 1.2. Let S be a zero-sumfree sequence in G such that 〈S〉 is not a cyclic group and f (S) = 2|S|−1.
Then S is one of the following forms.
(i) S = ax(a+ g)y, x ≥ y ≥ 1, where g is an element of order 2.
(ii) S = ax(a+ g)yg, x ≥ y ≥ 1, where g is an element of order 2.
(iii) S = axb, x ≥ 1.
Note that, if |S| equals the exponent m, then amust have order m. By Theorem 1.2, it follows that
fG(m+ 1) ≥ 2(m+ 1). It would be very interesting to work out fG(r), m+ 1 ≤ r < D(G), wherem is
the exponent of G.
2. Some lemmas
Let G0(6= ∅) ⊆ G be a subset of G and k ∈ N. Define
f(G0, k) = min{f (S) : S ∈ F (G0) zero-sumfree, squarefree and |S| = k}
and set f(G0, k) = ∞, if there are no sequences in G0 of the above form.
Lemma 2.1. Let G be a finite abelian group.
1. If k ∈ N and S = S1 · · · · · Sk ∈ F (G) is a zero-sumfree sequence, then
f (S) ≥ f (S1)+ · · · + f (Sk).
2. If G0 ⊂ G, k ∈ N and f(G0, k) > 0, then
f(G0, k)

= 1, if k = 1,
= 3, if k = 2,
≥ 5, if k = 3,
≥ 6, if k = 3 and 2g 6= 0 for all g ∈ G0,
≥ 2k, if k ≥ 4.
Proof. 1. See [2, Theorem 5.3.1].
2. See [2, Corollary 5.3.4]. 
Lemma 2.2. Let abc be a zero-sumfree sequence consisting of three distinct elements in an abelian group
G. If no element in {a, b, c} has order 2, then f (abc) ≥ 6.
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Proof. Note that there are at least 6 distinct elements in {a, b, c, a+ b, a+ c, b+ c, a+ b+ c} since
no element in S has order 2 and S is zero-sumfree. If a+ b = c and a+ c = b, then 2a = 0. Therefore
only one of the equalities a+ b = c, a+ c = b, b+ c = a can occur. 
Remark. By the proof of Lemma 2.2, if no element in {a, b, c} has order 2 and f (abc) = 6, then
a+ b = c , or a = b+ c , or b = a+ c.
Lemma 2.3 ([4]). Let G be an abelian group of order n ≥ 3, S ∈ F (G) a zero-sumfree sequence and
g, h ∈ supp(S) distinct. If vg(S) ≥ 2, vh(S) ≥ 2 and 2(g − h) 6= 0, then f (g2h2) = 8.
Lemma 2.4. Let S = akb be a zero-sumfree sequence in G. If b 6∈ 〈a〉, then f (S) = 2k+ 1.
Proof. The assertion follows from the fact that a, . . . , ka, b, a + b, . . . , ka + b are all the distinct
elements in
∑
(akb). 
Lemma 2.5 ([3]). Let S be a zero-sumfree sequence in G. If there is some element g in S with order 2, then
f (S) ≥ 2|S| − 1.
Lemma 2.6. Let a and b be two elements of G with a 6∈ 〈b〉 and b 6∈ 〈a〉. Let k ≥ l ≥ 2 be two integers
such that akbl is zero-sumfree. We have:
(i) If 2a 6= 2b, then f (akbl) ≥ 2(k+ l).
(ii) If 2a = 2b, then f (akbl) = 2(k+ l)− 1.
Proof. If nb 6= sa for any n and s with 1 ≤ n ≤ l and 1 ≤ s ≤ k, then ra + sb, r + s 6= 0, 0 ≤ r ≤
k, 0 ≤ s ≤ b are all the distinct elements in∑(akbl), and so
f (akbl) = kl+ k+ l ≥ 2(k+ l).
Now we assume that nb = sa for some n and s with 1 ≤ n ≤ l and 1 ≤ s ≤ k. Let n be the least
positive integer with nb = sa, 1 ≤ n ≤ l, 1 ≤ s ≤ k. Then n ≥ 2 and s ≥ 2 by our assumptions. It is
easy to see that
a, . . . , ka, . . . ,
(
k+
[
l
n
]
s
)
a,
b, a+ b, . . . , b+ ka, . . . , b+
(
k+
[
l− 1
n
]
s
)
a,
. . . . . .
(n− 1)b, . . . , (n− 1)b+ ka, . . . , (n− 1)b+
(
k+
[
l− n+ 1
n
]
s
)
a
are all the distinct elements in
∑
(akbl), and so
f (akbl) = k+
[
l
n
]
s+ 1+ k+
[
l− 1
n
]
s+ · · · + 1+ k+
[
l− n+ 1
n
]
s
= n(k− s+ 1)+ ls+ s− 1.
Since n(k − s + 1) + ls + s − 1 − 2(k + l) = (n − 2)(k − s) + (l − 1)(s − 2) + n − 3, we have
f (akbl) ≥ 2(k+ l)− 1 and the equality holds if and only if n = s = 2, that is 2a = 2b. This completes
the proof. 
Lemma 2.7. Let S = S1g be a zero-sumfree sequence in G with g 6∈ 〈S1〉. If |supp(S1)| > 1, then
f (S) ≥ 2|S| + 1.
Proof. Let a, b ∈ supp(S1) be two distinct elements of S1. Then f (S1) ≥ f (ab) + f (S1a−1b−1) ≥
3 + |S1| − 2 = |S1| + 1 = |S|. Since g 6∈ 〈S1〉, then∑(S1g) = g ∪∑(S1) ∪ (g +∑(S1)). It follows
that f (S) = 2f (S1)+ 1 ≥ 2|S| + 1. 
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Lemma 2.8. Let akbw be a zero-sumfree sequence in G such that k ≥ 2, w 6∈ 〈a〉, b 6= a and b 6= w.
Then f (akbw) ≥ 2k+ 4.
Proof. (i) Ifw 6= b+ ta,−1 ≤ t ≤ k, then
a, . . . , ka, b+ (k− 1)a, b+ ka, w,w + a, . . . , w + ka, w + b+ ka
are 2k+ 4 distinct elements in∑(akbw).
(ii) Ifw = b+ ta, 2 ≤ t ≤ k, then
a, . . . , ka, b, b+ a, . . . , b+ ka, . . . , b+ (k+ t)a, w + b+ ka
are k+ (k+ t + 1)+ 1 = 2k+ t + 2 ≥ 2k+ 4 distinct elements in∑(akbw).
(iii) Ifw = b+ a (the case that b = w + a is similar), then
a, . . . , ka, b, b+ a, . . . , b+ (k+ 1)a, 2b+ ka, 2b+ (k+ 1)a
are 2k+ 4 distinct elements in∑(akbw). This completes the proof. 
Lemma 2.9. Let S = akblg be a zero-sumfree sequence in G with b − a = g and ord(g) = 2, then
f (S) = 2(k+ l)+ 1.
Proof. For even integer l = 2r , it is easy to see that
a, . . . , (k+ l)a = ka+ lb, g, g + a, . . . , g + (k+ l)a = ka+ lb+ g
are all the distinct elements in
∑
(S). Therefore
f (S) = 2(k+ l)+ 1.
For odd integer l = 2r + 1, r ≥ 0, we can see that
a, . . . , (k+ l)a = ka+ lb+ g, g, g + a, . . . , g + (k+ l)a = ka+ lb
are all the distinct elements in
∑
(S). Therefore
f (S) = 2(k+ l)+ 1. 
Lemma 2.10. Let akbl be a zero-sumfree sequence in G with 2a = 2b and a 6= b. Then f (akbl) =
2(k+ l)− 1.
Proof. Let g = b− a. Since 2a = 2b and a 6= b, we have ord(g) = 2.
If b 6∈ 〈a〉 and a 6∈ 〈b〉, then by Lemma 2.6
f (akbl) = 2(k+ l)− 1.
Let b ∈ 〈a〉 (the case that a ∈ 〈b〉 is similar). Let b = ta, 1 < t < ord(a). Since g = b−a = (t−1)a
is an element of order 2, then ord(a) = 2s for some positive integer s. Note that 2g = 2(t − 1)a = 0,
so
2s|2(t − 1).
It follows that t = (s+ 1). Then
a, . . . , ka, (k+ 1)a, . . . ,
(
k+ 2
[
l
2
])
a
(s+ 1)a, . . . , (s+ k)a, . . . ,
(
s+ 1+ k+ 2
[
l− 1
2
])
a
are all the distinct elements in
∑
(akbl). Therefore
f (akbl) = k+ 2
[
l
2
]
+ k+ 1+ 2
[
l− 1
2
]
= 2(k+ l)− 1.
We are done. 
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Lemma 2.11. Let S = akb2w be a zero-sumfree sequence in G such that k ≥ 2, a 6∈ 〈b〉, b 6∈ 〈a〉,
f (abw) = 6, andw is not an element of order 2. Then f (S) ≥ 2|S|.
Proof. Since f (abw) = 6, then, by the remark after Lemma 2.2, we have a+ b = w or a = b+ w or
b = a+ w.
First we consider the case thatw = a+ b.
(i) If 2b 6∈ 〈a〉, then a, . . . , ka, b, . . . , b+ (k+ 1)a, 2b, . . . , 2b+ (k+ 1)a are distinct elements in∑
(akb2w), and so
f (akb2w) ≥ k+ k+ 2+ k+ 2 = 3k+ 4 ≥ 2k+ 6 = 2|S|.
(ii) If 2b = sa, 2 ≤ s ≤ k, then a, . . . , (k + s)a, b, w,w + a, . . . , w + (k + s)a are all the distinct
elements in
∑
(akb2w), and so
f (akb2w) = k+ s+ k+ s+ 2 = 2k+ 2s+ 2 ≥ 2|S|.
(iii) If 2b = sa, s > k, then a, . . . , ka, sa, . . . , (s+ k)a, b, b+ a, . . . , b+ ka, b+ (k+ 1)a, b+ (s+
1)a, . . . , b+ (k+ s+ 1)a are distinct elements in∑(akb2w), and so
f (akb2w) ≥ k+ k+ 1+ k+ 2+ k+ 1 = 4k+ 4 > 2k+ 6 = 2|S|.
Next we consider the case that b = a+ w.
(i) If 2b 6∈ 〈a〉, then a, . . . , ka, b− a, b, . . . , b+ ka, 2b− a, 2b, . . . , 2b+ ka are distinct elements
in
∑
(akb2w), and so
f (akb2w) ≥ k+ k+ 2+ k+ 2 = 3k+ 4 ≥ 2k+ 6 = 2|S|.
(ii) If 2b = sa, 2 ≤ s ≤ k, then a, . . . , (k + s)a, b − a, b, b + a, . . . , b + (k + s − 1)a are all the
distinct elements in
∑
(akb2w), and so
f (akb2w) = k+ s+ k+ s+ 1 = 2k+ 2s+ 1 ≥ 2k+ 5 = 2|S| − 1.
The above equality holds if and only if s = 2, which implies that 2w = 2(b− a) = 0, a contradiction.
(iii) If 2b = sa, s > k, then a, . . . , ka, sa, . . . , (s+ k)a, b− a, b, b+ a, . . . , b+ ka, b+ sa, . . . , b+
(k+ s− 1)a are distinct elements in∑(akb2w), and so
f (akb2w) ≥ k+ k+ 1+ k+ 2+ k = 4k+ 3 > 2k+ 6 = 2|S|.
Finally we consider the case that a = w + b.
(i) If 2b 6∈ 〈a〉, then a, . . . , ka, (k+ 1)a, b, . . . , b+ (k+ 1)a, 2b, . . . , 2b+ ka are distinct elements
in
∑
(akb2w), and so
f (akb2w) ≥ k+ 1+ k+ 2+ k+ 1 = 3k+ 4 ≥ 2k+ 6 = 2|S|.
(ii) If 2b = sa, 2 ≤ s ≤ k, then a, . . . , (k + s)a, w,w + a, . . . , w + (k + s)a are all the distinct
elements in
∑
(akb2w), and so
f (akb2w) = k+ s+ k+ s+ 1 = 2k+ 2s+ 1 ≥ 2k+ 6 = 2|S|
when s ≥ 3. The case s = 2 corresponds to 2w = 0, that isw is an element of order 2, a contradiction.
(iii) If 2b = sa, s > k, then a, . . . , ka, sa, . . . , (s+ k)a, a− b, 2a− b, . . . , (k+ 1)a− b, (s+ 1)a−
b, . . . , (s+ k)a− b are distinct elements in∑(akb2w), and so
f (akb2w) ≥ k+ k+ 1+ k+ 1+ k = 4k+ 2 ≥ 2k+ 6 = 2|S|.
This completes the proof of the lemma. 
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3. Proofs of the main theorems
Proof of Theorem 1.1. Let S = axbycz · · · · , x ≥ y ≥ z ≥ · · ·, where a, b, c, . . . are distinct elements
of G. Since 〈S〉 is not a cyclic group, we have |supp(S)| ≥ 2. The case that |supp(S)| = 2 follows from
Lemma 2.6. The case that S contains an element of order 2 follows from Lemma 2.5. Thus we assume
that |supp(S)| ≥ 3 and S does not contain any element of order 2 in the following arguments.
If x = y = z, then S allows the product decomposition
S = S1 · · · · · Sx,
where Si = abc · · · · , i = 1, . . . , x are squarefree of length |Si| ≥ 3. By Lemma 2.1, we obtain
f (S) ≥
x∑
i=1
f (Si) ≥ 2
x∑
i=1
|Si| = 2|S|.
If x ≥ y > z ≥ · · ·, or x > y ≥ z ≥ · · ·, then S allows a product decomposition
S = S1 · · · · · SrSr+1 · · · · · Sr+sT
having the following properties:
• S1 = abw, a 6∈ 〈b〉 and b 6∈ 〈a〉, orw 6∈ 〈a, b〉.
• r ≥ 1 and, for every i ∈ [2, r], Si ∈ F (G) is squarefree of length |Si| = 3.
• s ≥ 0 and, for every i ∈ [r + 1, r + s], Si = a2b2, a 6= b, 2a 6= 2b.
• T ∈ F (G) has the form T = ak, k ≥ 1 or T = akb, k ≥ 1 or T = akc, c 6= w, k ≥ 1 or
T = akbl, k ≥ l ≥ 2, 2a = 2b.
• s = 0 if 2a = 2b. T = akc, k ≥ 1 occurs only when S = axbycyw such that x > y and 〈abc〉 is a
cyclic group.
This is obvious for |supp(S)| = 3. The general result can be easily proved by induction on |supp(S)|.
We divide the remaining proof into four cases.
Case 1. T = ak, k ≥ 1. Then S admits the product decomposition
S = S2 · · · · · SrSr+1 · · · · · Sr+sT ′,
where Si, i = 2, . . . , r + s have the properties described above and T ′ = ak+1bw, b 6∈ 〈a〉 orw 6∈ 〈a〉.
By Lemmas 2.1–2.3 and 2.8, we get
f (S) ≥
r+s∑
i=2
f (Si)+ f (T ′) ≥ 2
r+s∑
i=2
|Si| + 2|T ′| = 2|S|.
Case 2. T = akbl, k ≥ l ≥ 2, 2a = 2b. By Lemmas 2.1 and 2.10, we have
f (S) ≥
r+s∑
i=1
f (Si)+ f (T ) ≥ 2
r+s∑
i=1
|Si| + 2|T | − 1 = 2|S| − 1.
Case 3. T = akb, k ≥ 1. Then S allows the product decomposition
S = S2 · · · · · SrSr+1 · · · · · Sr+sT ′,
where Si, i = 2, . . . , r+ s have the properties described above and T ′ = ak+1b2w, a 6∈ 〈b〉 and b 6∈ 〈a〉,
orw 6∈ 〈a, b〉. In these two cases, we have f (T ′) ≥ 2|T ′| (the casew 6∈ 〈a, b〉 follows from Lemma 2.7;
the case a 6∈ 〈b〉 and b 6∈ 〈a〉 follows from Lemma 2.11). It follows from Lemmas 2.1–2.3 that
f (S) ≥
r+s∑
i=2
f (Si)+ f (T ′) ≥ 2
r+s∑
i=2
|Si| + 2|T ′| = 2|S|.
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Case 4. T = akc, c 6= w. Note that this case occurs only when S = axbycyw such that x > y and 〈abc〉
is a cyclic group. Since 〈abcw〉 is not a cyclic group, we get thatw 6∈ 〈abc〉. By Lemma 2.7, we have
f (S) ≥ 2|S|.
This completes the proof. 
Proof of Theorem 1.2. By Theorem 1.1, if we can find a subsequence U of S such that U is squarefree
of length 3 and 〈SU−1〉 is not a cyclic group, then
f (S) ≥ f (U)+ f (SU−1) ≥ 7+ 2(|S| − 3)− 1 = 2|S|.
The assertion of Theorem 1.2 follows. Thus the sequence S does not contain an element of order 2.
From the proof of Theorem 1.1, we need consider only the case that
S = axbyw, 2a = 2b, x ≥ y ≥ 3, f (abw) = 6,
wherew is not an element of order 2 and 〈abw〉 is not a cyclic group. Let g = a− b, then ord(g) = 2,
and so a 6= w + b and b 6= w + a. Since f (abw) = 6, it follows thatw = a+ b = 2a+ g , i.e.,
S = ax(a+ g)y(2a+ g), x ≥ y ≥ 3,
where g is an element of order 2. An easy computation shows that f (ak(a + g)l(2a + g)) = 2k +
4[ l+12 ] + 1 ≥ 2|S|. The assertion follows.
Therefore we may assume that S contains an element of order 2 in the following arguments.
Case 1: supp(S) = 3. Then S = axbyg , where g is an element of order 2.
(i) If g 6∈ 〈a, b〉, then by Lemma 2.7, f (axbyg) ≥ 2|S|.
(ii) Let g ∈ 〈a, b〉. Since 〈S〉 is not a cyclic group, then a 6∈ 〈b〉 and b 6∈ 〈a〉. If 2a 6= 2b, then
f (S) = f (abc)+ f (ax−1by−1) ≥ 2|S|
when y ≥ 3. The case that y = 2 follows from Lemma 2.11.
(iii) Let c ∈ 〈a, b〉 and 2a = 2b. If f (abc) = 7, we are done. Otherwise we have
S = ax(a+ g)yg,
where g is an element of order 2. By Lemma 2.10, we get f (ak(a+ g)lg) = 2k+ 2l+ 1 = 2|S| − 1.
Case 2: |supp(S)| ≥ 4. If S is squarefree and |supp(S)| ≥ 4, then Lemma 2.1 tells us that f (S) ≥ 2|S|.
If |supp(S)| ≥ 5 and y = 1, we take U = ax−1ug with u ∈ S, u 6= a + g and 〈u, g〉 6∈ 〈a〉. Then, by
Lemmas 2.1 and 2.8, we obtain
f (S) ≥ f (U)+ f (Su−1) ≥ 2|S|.
Therefore we can assume that
S = axbycz · · · · , x ≥ y ≥ z ≥ · · · , x ≥ y ≥ 2,
where a, b, c, . . . are distinct elements of G.
If g 6∈ 〈Sg−1〉, then f (S) = 2f (Sg−1) + 1 ≥ 2|S| + 1 since in this case f (Sg−1) ≥ |S|. Hence we
need consider only the case that g ∈ 〈Sg−1〉.
If |supp(S)| > 4, a 6= b+ g , we take U = abg , then f (U) = 7 and 〈SU−1〉 = 〈Sg−1〉 = 〈S〉, which
is not a cyclic group. By Lemma 2.1 and Theorem 1.1 we get
f (S) ≥ f (SU−1)+ f (U) ≥ 2|S|.
If b = a + g , we take U = abc or abd, then f (U) = 7 and SU−1 contains an element of order 2. By
Lemmas 2.1 and 2.5, we obtain
f (S) = f (U)+ f (Su−1) ≥ 2|S|.
Finally we consider the case that |supp(S)| = 4. If a = b+ g and b 6∈ 〈a〉, we take U = acg . In this
case we have that 〈SU−1〉 is not a cyclic group and we are done. If a = b+ g and b ∈ 〈a〉, then g ∈ 〈a〉
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and so c 6∈ 〈a, b, g〉. If z > 1, we take U = acg , then 〈SU−1〉 is not a cyclic group and we are done. If
z = 1, then
f (axbycg) = 2f (axbyg)+ 1 ≥ 2(2(x+ y)+ 1)+ 1 = 4(x+ y)+ 3 ≥ 2|S|.
This completes the proof. 
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